Survey of Multipliers
The existing literature on multipliers is scant, and little quantitative information is available. It is unfortunately true that much of the work that has been done on multipliers has not been published. The multipliers that have been described in the literature can be classified broadly in three categories: continuous, sampling, and quantizing. In the first class the desired product is formed continuously; in this respect it more nearly approaches the ideal multiplier than the remaining two classes. In the second category the input quantities are sampled, and the corresponding product is formed at successive instants. The speed of operation is limited by the rate at which samples can be taken and computed. Multipliers in the third class employ some type of switching for altering the circuit according to the amplitude of one of the input quantities. For high accuracy a large number of switches is needed, and the operation is slow if the switching is done mechanically.
The following classification of multipliers according to the fundamental principle employed is more specific:
a. square law ( 1 2) b. exponential law (1, 2, 3, 4) c. modulation of a carrier(ll 6 ) d. magnetic force on an electric current (1 ' 5 ) (1, 2, 9) e. rectangular area f. variable-gain amplifier(1'2' 6 ) (1, 2) g. probability law
h. variable impedance(l)
Each of these multipliers is described in some detail in the references cited, and each possesses some attractive feature that may make it particularly suited for certain applications. However, for general application there is still a need for a multiplier that combines the best features of the various members of this group. In particular, there is a need for a multiplier that combines good accuracy with high-speed operation. The electron-beam tube described in the following sections was developed to meet this need.
II. THEORY OF THE ELECTRON-BEAM MULTIPLIER
The electron-beam multiplier is a four-quadrant continuous multiplier that uses as its basis of operation the fact that the area of a rectangle is equal to the product of its base by its height. Analysis and experimental results show that high-speed operation -2-is possible with good accuracy.
While this tube was in the construction stage a paper appeared ( 0 ) describing a similar tube that had been built by A. Somerville. Although the two tubes employ the same basic principle, they are substantially different in the details of realization. Unfortunately, owing to a tube failure Somerville was unable to make dynamic tests on his tube.
The Ideal Electron-Beam Multiplier
In the ideal tube an electron gun generates a beam of circular cross section and projects this beam through a conventional deflecting system upon a metallic target of special construction. The target, shown in Fig. 1 , consists of four metallic quadrants that are electrically insulated from each other. The beam, impinging upon the target, forms a circular pattern of electron current density into the target. Voltages applied to the x and v deflectin nl ates will shift the nattern narallel
to the x and y axes of the target respectively.
If the currents collectedby the quadrants are designated positive or negative, as shown in Fig. 1 , the algebraic sum of these currents will be proportional to the product of the x and y displacements of the center of the pattern from the center of the target.
Accordingly, this sum can be made proportional to the product of the x and y deflecting voltages, E The mechanisms of multiplication.
The relations among the variables are stated mathematically in the following manner.
Let I 1 , I2, I3, and I4 be the electron currents into the four quadrants from the electron beam. Then the foregoing physical reasoning gives
where Jb is the current density in the beam. But with linear deflection of the beam
where k is a constant depending on the current density and the deflection sensitivities.
The design problem is simplified by the fact that the deflection sensitivities for the two axes need not be equal.
Fundamental Problems of Realization
Several problems are encountered in the attempt to realizethe rather simple method of multiplication described above.
The basic problems are (a) the generation of an electron beam having uniform current density, (b) the effect of space-charge forces on the distribution of current in the beam, (c) the effect of initial electron velocities on the current distribution, (d) beam distortion introduced by the deflecting system, and (e) the effects of secondary-electron emission at the target. The investigation of these matters is further complicated by the fact that it is quite impossible to make a complete mathematical analysis with the techniques currently available, although in certain cases partial solutions can be obtained after suitable idealizations have been introduced. Thus the practicability of this method of multiplication must be established experimentally.
Minimum Requirements on the Electron Beam
The problems listed in section 2.2 are associated principally with the current distribution in the electron beam when it reaches the target. Since these problems are of considerable consequence, it is appropriate to determine how much deviation from the ideal case considered in section 2.1 might be tolerated.
Assume that the conditions depicted in Fig. 2 correspond to the maximum displacement of the pattern from the center of the target. It follows that the algebraic sum of the currents in the boundary areas a, a', and so forth, will be zero if and only if any nonuniformity occurring in this region is repeated exactly in each of the four quadrants of the pattern; that is, only if the pattern has quadrant symmetry. The quadrant symmetry must, of course, beoriented to correspond with the quadrants of the target when the pattern is centered. In order for the current in the central area to be proportional to the product of the deflecting voltages the current density in that region must be uniform.
In the case of a circular beam such as is proposed here, axial symmetry, which includes quadrant symmetry, is to be expected. If the lens action of the deflecting system is appreciable, the pattern may become elliptical; quadrant symmetry is preserved in this case, however.
The Generation of a Beam with Uniform Current Density
It is desirable to start the beam off with a uniform current density as it leaves the electron gun. This result is not necessarily achieved with an arbitrary gun having axial symmetry. In general, current will not be drawn uniformly from the surface of the cathode unless the gun is specifically designed to give this result. A method for designing a simple gun that inherently provides this property has been described by Pierce ( 7 ' 8 ) Further details of this gun are given in section 3.3.
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Space-Charge Effects
A rough estimate of the current, voltage, and geometry of an electron beam suitable
for the tube described above shows at once that space-charge forces will not be negligible. In a perfect vacuum the space charge will be entirely negative, the corresponding forces will cause the beam to expand as it traverses the drift space between the gun and the target. The question is whether or not the space-charge expansion of the beam is of such a nature as to affect adversely the current distribution in the beam. An approxi- (7) mate analysis by Spangenberg shows that if initially the current is distributed uniformly throughout a circular beam and if every electron has a radial component of velocity that is proportional to its radial distance from the axis, the effect of spacecharge forces will be such that the beam expands, maintaining the condition of uniform current distribution. Hence if these initial conditions can be established by proper design of the electron gun, this problem will eliminate itself. There are many designs that satisfy the necessary conditions; for example, any beam in which the flow is initially parallel and uniform has the desired initial conditions.
Spangenberg's analysis leads to a universal beam-spread curve giving the beam radius at any axial position along the beam as a function of the beam current and
voltage. This curve is helpful in designing the tube to produce abeam havinga particular radius at the target.
Initial-Velocity Effects
A simple calculation indicates that the initial velocities of electrons emitted from a thermionic cathode will be great enough to affect adversely the current distribution in the beam unless a sufficiently large accelerating voltage is used. Some quantitative knowledge of these effects must be established before the tube can be designed.
Since the initial velocities are small compared to the axial velocity imparted by the electron gun, the axial component of initial velocity is negligible in this investigation.
But the radial component may affect the beam spread in a significant way. Figure 3(a) shows the end view of a beam of radius r b in which the space-charge spread is negligible.
An electron emitted from the cathode at point A and having a certain initial velocity will be at B when it reaches the target. However, it is equally probable that there will be an electron emitted at B and occupying point A when it reaches the target. Therefore, on the average, the effects of these electrons are cancelled and in no way affect the current distribution at the target. Matters are different in the case of an electron occupying
The effect of initial velocities.
point C at the cathode and having such an initial velocity that it is at D when it reaches the target. There was no electron occupying point D at the cathode, and hence the movement of the electron from C to D represents a loss of current density from point C.
The radial components of the initial velocities of thermionically emitted electrons are distributed according to Maxwellian statistics ( 1 2 ) ; thus a differential fraction of the electrons emitted from N in Fig. 3(b) have radial velocities such that at the target they will occupy positions on the circumference C . Of these, a fraction will lie outside the initial beam circumference C b and will therefore represent a reduction of current density at N. If r < r b -r, this fraction is zero; if r > r b + r, it is unity. From n n reference 12, the fraction of electrons for which the transverse velocity is between v and v + dv is mexp ldv
where m is the mass of the electron, k is Boltzmann's constant, and T is the cathode temperature on the absolute scale. This expression is put in a more compact form as follows. Define 
where q is the magnitude of the electronic charge. The quantity E is the voltage equivalent of the transverse velocity v, and E T is a voltage that is characteristic of the temperature T. Substituting Eq. 6 and Eq. 7 into Eq. 5 gives 1 E dp = exp E dE.
dPv ET eT
The fraction of electrons fraction that falls outside of given by Eq. 8 falls on the contour C of Fig. 3(b) . The C b is 0; Of the total number of occupying positions on electrons emitted from point N at the cathode, the fraction C outside of C b at the target is dP = F dV (15) where F has the value given by Eqs. 9, 10, or 14; and dpv is given by Eq. 8. This is the net fractional loss of electrons from point N resulting from transverse initial velocities in the range between v and v + dv. The total loss of electrons is found by integrating over all velocities from zero to infinity.
The integration is best carried out by first expressing F as a function of E rather than r and integrating over all E. The radius r is r = vt (16) n o where v is the transverse velocity corresponding to r, and t is the cathode-to-target 
where L 1 is the cathode-to-anode spacing and L 2 is the anode-to-target spacing. The value obtained for r is n
In addition, let the displacement r of the point N from the center of the beam be expressed as a fraction of the beam radius rb; that is, let r = orb.
Substituting Eqs. 19 and 20 in the expression for R (Eq. 13) gives
The integral of Eq. 15 then becomes
where R is the function of E given by Eq. 21. The integration is to be performed for fixed values of a less than unity. The lower limit
corresponds to r = r b -r, and the upper limit will then be about one-third of the total beam current.
Deflection Defocusing
Any electrostatic deflecting system constitutes a converging cylindrical lens. Consequently, after being deflected a circular beam will become elliptical. The focal length of this lens ( 8 ) tance from the deflecting plates to the target, and the effect is assumed to be negligible.
Secondary Emission at the Target
The electron beam impinging on the target will cause secondary electrons to be emitted from the target. The secondary-emission properties of the target are not expected to be either uniform or stable; hence this phenomenon could destroy the accuracy of the multiplication process. In addition, secondary electrons emitted from one quadrant may ultimately be collected by another quadrant as a result of randomly directed initial velocities and incidental electrical gradients. Such cross-talk is a further source of error.
The secondary-emission problem can be solved either by eliminating secondary emission or by eliminating the undesirable effects of such emission. The latter solution was employed in the design of the target described in section 3.5. These conditions imply a beam-spread factor of 2.38.
With the beam voltage and geometry chosen, the beam current is fixed by the beam-
spread curve .
The indicated value is 1.3 ma. The performance of the tube is influenced indirectly by the beam current in the following manner. The algebraic sum of the target currents is proportional to the desired product; however, in most applications it will be necessary to convert this output to a voltage through the use of a load resistor. Under these conditions the high-frequency performance of the tube will be impaired by the parasitic capacitance of the target shunting the load resistor. Hence, a large beam current is desired in order to permit a low impedance level at the output.
Choice of Electron Gun
From sections 2.5, 2.6, and 3.1 it is seen that the gun should generate a beam having uniform, parallel flow at the anode and in which the electrons have the smallest possible thermal velocities. Several types of guns, some using photoelectric cathodes and others using oxide-coated thermionic cathodes, were considered; the one finally (8,7) selected was a gun developed by Pierce . This gun has properties that make it especially well suited for the application at hand, although it is more difficult to design and build than other types that were considered. The Pierce gun, described in detail in the references cited, can be designed to draw space-charge-limited current uniformly from the surface of a disc cathode and accelerate it in a beam having uniform current distribution.
Consideration was given to the possibility of eliminating nonuniform spread of the beam resulting from initial velocities by (a) an axial magnetic field constraining the electrons to move along lines of magnetic flux ' ,
and (b) an electrostatic lens to (8) focus the anode aperture on the target ( . Since the addition of these features would increase the size of the tube somewhat and would increase the complexity of design and constructionconsiderably, and since it appeared that success could be realized without these elaborations, the ideas were set aside in the interest of simplicity.
Design of the Electron Gun
A mathematical analysis of the Pierce gun with axial symmetry is not possible;
hence an electrolytic tank must be employed for the design of the gun. The techniques to be used in this process are described in detail by both Pierce ( 8 ) and Spangenberg (7) One procedure leads to the determination of a set of ideal electrodes that produce exactly the desired beam. Unfortunately these electrodes are curved surfaces, resulting in a gun that is difficult to build. Since this solution is unique, there is no other set of electrodes that will give exactly the desired flow; however, it is possible to find other
electrode configurations that approximately satisfy the desired conditions and that are much easier to fabricate. By proper design the approximations can be kept small and of such a nature that the performance of the resulting gun is essentially the same as that of the ideal gun.
The design reached by a cut-and-try process in the electrolytic tank is shown in cross section in Fig. 5 ; a photograph of the gun components is shown in Fig. 6 and the assembled gun is shown in Fig. 7 . The dimensions of the electrodes are given in
The electron gun.
Appendix A. All surfaces in this design are either planes or cylinders except for the cathode electrode. This electrode includes a conical surface making an angle of 67.50
with the axis of the gun, which, as shown in references 7 and 8, is appropriate for matching the desired conditions very closely in the critical region near the cathode.
The anode aperture, visible in Fig. 6(a) , has the same radius as the cathode and in the final assembly was covered with a fine wire mesh to hold the potential distribution to the desired configuration in the vicinity of the aperture.
The gun of Fig. 5 was designed for a space-charge-limited current of 1.3 ma with an anode potential of 300 volts; the current measured in the experimental tube was 1.65 ma. Since part of this current was intercepted by the anode and part was scattered from the beam, the current reaching the target was slightly less than 1 ma.
The process of designing the gun included, in addition to determining the electrode shapes, selecting a suitable means of mounting these electrodes so that they are held accurately and rigidly in the proper relative positions. The anode, shown in Fig. 6(a) ,
Electron-gun components.
is fastened by three screws to the anode insulator, Fig. 6(b) , to form the anode assembly.
The cathode and cathode electrode, Fig. 6(c) , and the bias electrode, Fig. 6 (e), are mounted on the cathode insulator, Fig. 6(f) , to form the cathode assembly. These two assemblies are then mounted on four threaded stainless-steel rods. The position of each electrode in the separate assemblies is fixed by the machining of the insulator; the spacing and alignment of the two assemblies is fixed by the nuts on the threaded rods.
As an incidental part of the gun design it was necessary to provide a heater for the cathode. The heater, Fig. 6(d) , is a bifilar spiral of 10-mil tungsten wire. The bifilar construction was chosen to minimize the magnetic field from the heater. and deflecting plates. The deflecting system consists of conventional parallel plates. The dimensions, given in Appendix A, were selected after due consideration of the beam diameter, maxi-(14) mum deflection angle, deflection sensitivity, and edge effects . After the experimental tube was completed, a paper appeared ( 1 5 ) describing a deflecting system that would have considerable merit in this application. It appears that this system would permit the same deflection sensitivity with a substantial reduction in size.
Design of the Target
Basically, the target consists of a metallic collector that is divided into four quadrants as shown in Fig. 1 . The quadrants are insulated from each other, and the current collected by each is brought out of the tube separately. The principal problem is to prevent secondary electrons emitted at the surface of one quadrant from being collected by another quadrant.
The design selected is shown in Fig. 8 . The basic structure, Fig. 8(a) , is a block of insulating ceramic material in which four recesses corresponding to the four quadrants have been machined. The walls separating the cavities serve to confine the electrons to the proper quadrants. In the final assembly each cavity is lined with an insert of nickel foil. The insert is held in place with a machine screw that also serves to make electrical connection with the insert and to support the target in the tube. In order to minimize further the effects of secondary emission, a suppressor grid is placed over 
iic the target and is biased negatively with respect to the collector. This grid is made by welding horizontal and vertical wires with roughly one-quarter-inch spacing to the metal frame shown in Fig. 8(b) . In the assembled target the grid is mounted on the ceramic base by four machine screws; it is, of course, insulated from the collector electrodes.
It is clear that with the construction described above the beam impinging on the target is divided into four quadrants by the cross-shaped strips in the suppressor-grid assembly and that the division thus effected is kept permanent by the walls separating the four recesses. Hence, in so far as the target geometry is concerned, 
Problems of Mechanical Alignment
By incorporating certain features into the design of the tube and the external circuit, the need for precision alignment of the gun, deflecting system, and the target was eliminated.
Since the electron gun generates a circular beam, there is no requirement on gun alignment other than that its axis coincide approximately with the axis of the tube.
Positioning voltages can be used to center the beam on the target.
Consider next the deflecting system. For exact multiplication it is necessary that the beam be deflected by the x and y voltages along lines exactly parallel with the axes of the target. This result can be insured by precise alignment of the deflecting system.
It can be more easily realized through a manipulation of the external circuit. If a fraction of the x voltage is applied to the y plates, the horizontal axis is rotated toward the vertical axis. The amount of rotation depends on the size of the fraction. In a similar manner the vertical axis can be rotated. Thus the deflection axes can be positioned -18-n I_ __ _ _ to coincide with the axes of the target by adjusting the cross coupling between the input voltages, and the need for precision alignment is eliminated. A convenient circuit for accomplishing this result is given in section 4.1.
Fabrication and Assembly of Parts
All electrodes were cut, spun, or drawn from 15-mil nickel; all nuts and screws were of stainless steel. The insulating members were machined from lava, a natural refractory material, except for eight mica strips used to support the deflecting plates.
The four longitudinal rods shown in Fig. 7 form the basic supporting members for the gun and deflecting system. The anode and cathode assemblies were placed on the support rods, and the nuts were tightened, forming a rigid structure. The deflecting plates were then mounted on the support rods by means of mica strips, as shown in Fig. 7 . Each of the support rods serves as the electrical connection to one of the deflecting plates.
The complete assembly described above, called the gun-end assembly, was then mounted as a cantilever structure from four tungsten rods forming part of the press at the gun end of the tube. See Fig. 9 .
The target was mounted in the tube in a similar manner. The four screws used to mount the metal inserts and to make electrical connection with them protrude through the back of the ceramic base of the target. These screws were fastened to four nickel rods coming through the target-end press, thereby supporting the target as a cantilever structure from the press. The details of this assembly are visible in part in Fig. 9 ; the target itself is concealed by the aquadag band that was applied to the inside of the envelope to eliminate the accumulation of surface charges in that region.
IV. EXPERIMENTAL STUDY OF TE TUBE
Experimental measurements were made to establish the accuracy of the tube as a multiplier and to determine the limitations on dynamic performance. Additional tests were made in order to study certain incidental features such as the influence of operating voltages on the performance.
The Input and Output Circuits
The input and output circuits used in the tests merit consideration because they have certain significant features and because similar circuits would be used in typical applications.
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The Complete tbe°- The input circuit must provide two features. First, for reasons discussed in section 3.6, it must permit a fraction of the x-deflecting voltage to be added to the y-deflecting voltage, and vice versa. Second, in order to avoid excessive deflection distortion the circuit must apply balanced push-pull voltages to the two plates in each pair. To accomplish these results the bridge circuit of Fig. 10 was used for the static measurements.
20-
From the linearity of the circuit it follows that E = aE + bE (26) x x y and E = cE + dE .
(27) y x y
The magnitudes of a, b, c, and d can be set by the two dual potentiometers, P -P' x x and P -P'. This particular circuit has the advantage that interaction between the two Y Y inputs and between the two adjustments is small. The method of adjusting the potentiometers for the desired conditions is described in a later paragraph. Fig. 10 is approximately the mid-plane potential of the deflecting system; normally it is the same as anode potential.
The potential Ep in
For static tests the input voltages were derived from separate batteries; thus there was no problem in getting push-pull voltages. For the dynamic tests, it was necessary to provide phase inverters. A conventional circuit using a single-tube phase inverter followed by push-pull cathode followers was used to drive the input circuit of Fig. 10 .
The function of the output circuit is to receive the currents from the four target quadrants and to give an output current (or voltage) that is proportional to the algebraic sum of the target currents according to the algebraic designations in Fig. 1 . A diagram of connections used in the output circuit is shown in Fig. 11(a) . The equivalent network representation is shown in Fig. 11(b) . Each of the target quadrants, 1, 2, 3, and 4, can be connected to either of the 10,000-ohm precision resistors R. The positions of the switches shown in Fig. 11(a) correspond to normal operation. The element M represents a suitable meter for indicating the output quantity, I or E . For static tests a dc microammeter was used; for dynamic tests a cathode-ray oscilloscope was used.
Since the current collected by each quadrant is independent of the quadrant potential in normal operation, the currents are represented as coming from current sources in the equivalent circuit of Fig. 11(b) . The resistance R in this circuit is the resistance m
The input circuit for static tests (resistances are given in kilohms). output is concerned only the differential-mode equivalent circuit need be considered.
This circuit can in turn be reduced by bisection to the simplified differential-mode circuit shown in Fig. 12 . This circuit shows clearly how the stray capacitances limit the high-frequency performance. The output circuit. The method of adjusting the potentiometers in the input circuit, Fig. 10 , can now be described. The purpose of these potentiometers, as set forth in section 3.6, is to add a fraction of E to E and vice versa, so that the deflections resulting from Y x these voltages will be parallel to the corresponding target axes, notwithstanding mechanical misalignment. The adjustment is made by setting the switches in Fig. 11(a) so that the meter compares I 1 + I2 with 13 + I4. It follows from Fig. 1 that these currents should remain constant as E is varied throughout its operating range.
x This condition is established by adjusting the dual potentiometer P -P' so that y y the appropriate fraction of E is applied to the y-plates; fulfillment is indicated by the meter M. By a similar process P -P' is adjusted. While studying this problem it was discovered that these undesirable effects of positive ions could be removed by connecting the aquadag coating on the glass envelope to cathode rather than anode potential. Under this condition the coating sets up a field that removes the ions rapidly enough to make their effects negligible. All performance tests were made with the coating at cathode potential.
Static Accuracy
The static tests consisted of obtaining a family of characteristic curves, based on Eq. 30, in which I is presented as a function of E for various values of E held constant as a parameter. For an ideal multiplier these curves would be straight lines passing through the origin and having slopes proportional to E .
After preliminary measurements to establish the optimum operating conditions, the static characteristic curves of Fig. 13 were obtained. The conditions of the test were: Static characteristic curves. of the equation
o xy
The constant, k. = 0.203, was determined by averaging values computed at four points 1 in the E -E plane. The points shown in Fig. 13 are products indicated by the tube.
x y
Positioning voltages applied to the deflecting plates and a zero set in the output circuit are needed to make the characteristics intersect at the origin and to make the E = 0 characteristic have zero slope.
With the input voltages limited to the ranges indicated in Fig. 13 , the errors do not exceed two percent of the maximum product except at four points. The errors at these points are 2.3 percent, 2.7 percent, 2.7 percent, and 3.0 percent of the maximum product. About one hour elapsed while these measurements were being made. Since no adjustments were made during this time, any drift that occurred is included in the data.
At no time during the testing of the tube was any drift detected that was greater than the errors noted above. Moreover, no perceptible drift was observed when the output was checked continuously for 15-minute periods. Readings repeated after an interval of three days agreed within two percent of the maximum product. These results were obtained with voltages provided by standard laboratory power supplies.
The characteristics of Fig. 13 indicate that the maximum product corresponds to an output current I = 150 pLa. For these measurements R was much smaller than R; thus, from Eq. 28, the algebraic sum of the collector currents is 300 a, or about 38 percent of the beam current, at the maximum product. This value agrees with the rough estimate made in section 2.6. With R an open circuit and R = 10,000 ohms, the output m voltage at maximum product is, from Eq. 28, E = 3.0 volts.
Dynamic Performance
The results of tests made with sinusoidal voltages applied to the x and y inputs show that the performance of the tube is independent of frequency for all frequencies less than a certain value. Hence for frequencies less than this value the accuracy will be the same as that measured statically. The high-frequency limitations were found to result from stray capacitances associated with the target and output circuit. 'O1 The discrepancy is probably due to stray capacitances associated with the wire-wound precision resistors and the measuring circuit.
Since the high-frequency performance is limited by the capacitance shunting the output circuit, it follows that the half-power point depends on the impedance level of the output circuit. The 10,000-ohm load resistors were selected to given an output of the order of a few volts for the maximum product. If a smaller output voltage is acceptable, greater bandwidth is available. Specifically, the product of bandwidth times maximum output voltage is constant at 210 volt-kilocycles per second.
The rise in the curve of I at high frequencies was reproducible; since it occurs 0 at frequencies well above the useful range of the tube as it was used in these tests, the phenomenon was not investigated.
In the time domain the tube is characterized by a time constant of 2.28 pLsec. It follows that the response to a step in the input voltage will be within two percent of its final value when an interval equal to four time constants has elapsed. Thus the response to a step in the input is in effect complete after 9.12 Lsec.
Performance in Simple Applications
With various periodic input voltages applied to the tube, the output voltage was pre- Waveforms of output voltage.
-31- The tube was also used as a spectrum analyzer to measure the Fourier components of a periodic voltage. For this operation the voltage to be analyzed was applied as one input, a variable-frequency sinusoid was applied as the second input, and the average value of the output was measured as the frequency was varied over the appropriate range. Harmonic analysis of a square wave.
field deflects the beam about an inch at the target. In general, a magnetic shield should be provided; for the tests described above it was sufficient to orient the tube so that its axis was approximately parallel with the local field.
When the heater was supplied with an alternating current, the output voltage exhibited a large 60-cycle component that could be eliminated only by changing to a dc heater supply. The undesired effect was not influenced by the position of the tube in space nor by the location of the external wiring; hence it appears that the magnetic field of the heater itself must have been the source of the trouble, in spite of the fact that a bifilar construction was used to minimize the field. This conclusion seems reasonable in view of the fact that the electrons just in front of the cathode are moving very slowly indeed. It should be possible to eliminate this defect by altering the heater design and by locating the heater farther from the emitting surface.
Influence of Operating Voltages on Performance
The static characteristic curves of Fig. 13 were repeated for a number of operating conditions. Of particular interest is the fact that the performance was not greatly altered for bias-electrode potentials as small as -10 volts and as great as -20 volts.
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When all electrode potentials were increased by one-third, the cathode current increased in accordance with the three-halves-power law, and the over-all performance remained about as it was before.
These results emphasize the fact that good performance does not depend upon critical adjustment of the electrode voltages.
A family of characteristics was taken with the input bridge circuit of Fig. 10 eliminated and with one plate of each pair of deflecting plates connected to anode potential.
The results obtained with these unbalanced deflecting voltages were quite poor, indicating excessive deflection defocusing.
V. INDICATED CHANGES IN TUBE DESIGN
The results presented above establish the fact that the tube is capable of high-speed multiplication with good accuracy. They show further that it should be possible to alter the design somewhat to obtain improved performance and at the same time to simplify the construction. In this connection it is significant to note that only one tube has been built, and only a limited amount of experience in the use of the tube has been gained. It seems virtually certain that the performance can be improved.
Reduction in Size
The dimensions of the experimental tube were chosen to minimize the mechanical tolerances on the fabrication and assembly of the electrodes used in the tube. The resulting tube was considerably larger than would otherwise have been desired. The experience of building the tube and the experimental results have both indicated that such large dimensions are unnecessary; it now seems certain that the linear dimensions can easily be reduced by a factor of two.
The scaling is readily effected, for if all linear dimensions are changed by the same factor, the performance of the tube is not altered in any fundamental way. The gun performance, beam current, space-charge effects, initial-velocity effects, and deflection sensitivity all remain unchanged if the applied voltages are kept unchanged. The positiveion problem (sec. 4.2) is made somewhat less severe because in a shorter length of beam fewer ions will be created. In addition, the stray capacitances which limit the highfrequency performance will be reduced.
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Increase in Beam Current
An increase in beam current will permit an increase in the speed of response without a sacrifice in output voltage. However, with an increase in beam current the positive-ion problem may become more severe, for the rate of ion production increases linearly with beam current if all other quantities are held constant.
The beam current can be increased by increasing all electrode potentials in the same proportion. In this case the theoretical beam geometry remains unchanged, the initialvelocity and transit-time effects are reduced, and the deflection sensitivity is reduced.
This is the simplest method of increasing the beam current. Alternately, the beam current can be increased without increasing the applied voltages. In this case, it will be necessary to select a new beam geometry and to redesign the electron gun.
VI. TYPICAL APPLICATIONS
Since the tube is basically an accurate, high-speed multiplier, it can be used in any application where the fundamental operation is multiplication. The obvious application is in general electronic analog computation. In addition, there are many specialized applications in which multiplication is fundamental and for which the tube should be well suited.
Modulation and Detection
The use of the tube for modulation was mentioned in section 4. The tube can also be used as a correlation detector. In this operation the modulated and unmodulated carriers are multiplied together by the tube, and the product is transmitted through a lowpass filter to give the desired output. For many applications the lowpass filter might consist of capacitors shunting the load resistors in the output circuit ( Fig. 11(b) ). 
Envelope Multiplication
Envelope multiplication of two suppressed-carrier signals can be accomplished with two multipliers through a combination of the modulation and detection operations described in section 6.1.
Spectrum Analysis
The use of the tube as the basic element in a spectrum analyzer was described, and the results of such application were presented in section 4.5. In this application the periodic voltage to be analyzed is applied to one input, and a variable-frequency sinusoidal voltage is applied to the other. The Fourier coefficients are then read as the average value of the output voltage or current when the sinusoidal voltage is adjusted to the appropriate frequency and phase. The basic operation is one of correlation detection, as described in section 6.1.
Computation of Product Integrals
Suppose that the resistors in Fig. 12 are replaced by capacitors, and let E = f(t) and E= f2(t). Then
O and the output voltage is the time integral of the product of the two input voltages. The form of Eq. 38 is the same as that of the sine and cosine Fourier transforms, the correlation functions, and other important integrals. It should be noted that in this application the stray capacitances impose no limitation, since they are absorbed in the load capacitors.
General Integration
The tube can also be used in connection with a differentiating circuit to perform general integration. Let E = f(u), and let E = du/dt. Then from Eq. 
